Introduction
In this paper, we are interested in the iterative solvers for non-Hermitian Toeplitz systems arising in the numerical solutions of FDEs via finite difference method; see [1, 2] and references therein. We also denote the Toeplitz system as the following form of matrices product Au = f , A ∈ C n×n nonsingular, and u, f ∈ C n , (1) where A is said to be Toeplitz if A = [A ij ] n i,j=1 = [a i−j ], i ≥ j, i.e., A is constant along its diagonals; see [3, 4] . Toeplitz systems also come from a variety of other applications in mathematics and engineering, see for instance the references in [3, 4] . These applications have motivated both mathematicians and engineers to develop specific algorithms catering to solving Toeplitz systems. As we know, the Krylov subspace methods require in each iteration step only products of A with vector and since A is Toeplitz these products can be computed in O(n log n) operations via using the fast Fourier transforms (FFTs).
However, in order to reduce the number of iterations, iterative method must be chosen with suitable preconditioning in general. The construction of ''efficient'' preconditioners is the purpose of this paper. Although there exists a rich literature on Hermitian Toeplitz systems (see [3, 4] and the references therein), only a few papers consider the non-Hermitian case [5] [6] [7] [8] [9] [10] [11] [12] [13] . For Hermitian positive definite Toeplitz matrices, the spectra of the circulant preconditioned Toeplitz matrices are shown to be clustered. It is clear how this affects the convergence of the PCG method. The polynomial preconditioner is a kind of popular and interesting preconditioner in which the main issue is that efficient splitting of the coefficient matrix A is required and a suitable splitting iteration method needs to be used; see, for instance, [14] [15] [16] [17] [18] . Suppose that A = M − N represents a splitting of matrix A and Ω = M −1 N, where M is nonsingular. If the spectral radius of Ω, denoted by ρ(Ω), is less than one, i.e., ρ(Ω) < 1, the inverse of A can be written as
We take P k = M(I +Ω +Ω 2 +· · ·+Ω k−1 ) −1 as an approximation to matrix A. Then P k can be used as a preconditioner for linear system (1) . We refer to such a preconditioner P k as a polynomial preconditioner for A. The preconditioned matrix is given by
In preconditioned Krylov subspace methods, the main computational cost is to solve the generalized residual equation P k z = r when P k is applied as a preconditioner. It follows from (2) that z = (I + Ω + Ω 2 + · · · + Ω k−1 )M −1 r. To obtain the vector z, we perform a k-step iteration as follows:
Thus,
If we choose z (0) = 0 in (4), then z (m)
A polynomial preconditioner is also called a k-step polynomial preconditioner, and it can also be derived from the two-stage iteration methods of trivial outer splittings, refer to [19] for this discussion. Based on the foregoing analysis, the effectiveness of a polynomial preconditioner depends upon a good splitting of matrix A, so that the iteration procedure (3) can be implemented efficiently. The k-step multisplitting preconditioners are commonly applied to parallel and vector machines to solve a parallel linear system [17, 18] . In this paper, by utilizing the efficient CSCS iteration method introduced in [20] , we propose a CSCS-based polynomial preconditioner for GMRES method to solve the Toeplitz systems arising in numerical solutions of FDEs. In Section 2, the CSCS iteration method is briefly reviewed. In Section 3, the polynomial preconditioner based on the CSCS iteration method is established and the spectrum of preconditioned matrix is theoretically analyzed. In Section 4, numerical experiments involving the numerical solutions of FDEs are reported to show the effectiveness of the proposed method. Finally, the paper closes with conclusions in Section 5.
The CSCS iteration method
Recently, Ng designed in [20] a circulant and skew-circulant splitting (CSCS) iteration method, which is very efficient for solving the non-Hermitian Toeplitz systems. Based on the fact that the Toeplitz matrix A in (1) naturally possesses
a −1 + a n−1 a n−1 + a −1 a n−2 + a −2 · · · a 1 + a 1−n a 0       (5) and
Note that C is a circulant matrix and S is a skew-circulant matrix. A circulant matrix can be diagonalized by the discrete Fourier matrix F and a skew-circulant matrix can also be diagonalized via a discrete Fourier matrix with diagonal scaling, i.e.,F = F Ω. That is to say, it holds that
. . . , e −(n−1)πι n ), 1 ≤ j, k ≤ n and ι is the imaginary unit [3, pp. 37-39]. Λ C and Λ S are diagonal matrices formed by the eigenvalues of C and S, respectively, which can be obtained in O(n log n) operations by using the FFTs. Furthermore, the CSCS iteration method can be algorithmically described as follows: Let u (0) ∈ C n be an arbitrary initial guess. For j = 0, 1, 2, . . . until the sequence of iterates {u (j) } ∞ j=0 ⊂ C n converges, compute the next iterate u (j+1) according to the following procedure:
2 ) + f , where α is a given positive constant and I represents the identity matrix.
After straightforward derivations we can reformulate the CSCS iteration scheme as follows,
where
Note that M(α) is the iteration matrix of the CSCS iteration method. In fact, (7) can also derived from the following splitting
Concerning the convergence of CSCS iteration method, we have the following theorem established in [20] .
Theorem 2.1. Let C and S be the circulant and skew-circulant matrices given in (5) and (6), and α be a positive constant. If C and S are positive definite, then the spectral radius ρ(M(α)) of the CSCS iteration matrix
where λ(C) denotes the spectrum of the matrix C . Therefore, it holds that
i.e., the CSCS iteration converges to the unique solution x * ∈ C n of the system (1) for any initial guess. Theorem 2.1 implies that the CSCS iteration method is convergent for any positive parameter α. However, the optimal value α * of α is difficult to determine, see [20] and references therein.
CSCS-based polynomial preconditioner
Inspired by the pioneer work of [19] , we consider to solve the Toeplitz system (1) using Krylov subspace methods such as GMRES with a polynomial preconditioner. The proposed polynomial preconditioner is built by utilizing the CSCS splitting in (9) , that is, the splitting of A = M(α) − N(α) of the coefficient matrix A, with the same definitions of M(α) and N(α) as Eqs. (10) . Thus,
and
Then P k (α) is the induced k-step CSCS preconditioning matrix, concisely denoted as the CSCS(k) preconditioner. In particular, we denote the CSCS(k) preconditioned GMRES method by CSCS(k)-GMRES. The proposed CSCS(k)-preconditioned matrix is
Based on the fact that the spectral radius of Ω(α) is less than one, as shown in Theorem 2.1, the following conclusion, which describes the spectral distribution of the preconditioned matrix (P k (α)) −1 A, can be easily obtained.
Proposition 3.1.
Let Ω(α) be the matrix defined in (13) and denoted by ρ(Ω(α)) its spectral radius. Then
(2) The eigenvalues of (P k (α)) −1 A are located in a circle centered at (1, 0) with radius ρ(Ω(α) k ). Remark 1. Proposition 3.1 implies that a larger positive integer k in the CSCS(k) preconditioner could lead to a smaller radius of the spectral distribution circle such that the eigenvalues of the CSCS(k)-preconditioned matrix P k (α) −1 A are clustered tightly around 1. However, a larger value of k undoubtedly results in a high computational cost of the CSCS(k)-GMRES method. Hence, the determination of an appropriate positive integer k is the key issue for improving computational efficiency. However, it is difficult to theoretically determine an optimal k when solving a linear system with the CSCS(k)-GMRES method. In the numerical examples, we experimentally discover the suitable k for each example by taking both the computing efficiency and computing time into account.
At the end of this section, it is worth specifying that the preconditioned matrix (P k (α)) −1 A does not need to be formed explicitly since (P k (α)) −1 v can be evaluated for any vector v via a series of matrix-vector products. From Eqs. (8) and (13)-(14), we can find that the core of achieving the (P k (α)) −1 v is to compute the matrix-vector product Ω(α)v = M(α)v, so we give the following algorithm. Algorithm 1. Calculate the matrix-vector product. w = Ω(α)v = M(α)v 1. Compute the product w 1 = (αI − S)v by using the FFTs; 2. Let (αI + C ) −1 w 1 = w 2 , i.e., solve the linear systems (αI + C )w 2 = w 1 via the FFTs; 3. Compute the product w 3 = (αI − C )w 2 by using the FFTs; 4. Let (αI + S) −1 w 3 = w 4 , i.e., solve the linear systems (αI + S)w 4 = w 3 via the FFTs; 5. Output the result w = w 4 .
Here, it notes that Algorithm 1 can be efficiently implemented by eight FFTs in O(n log n) operations [4, 20] . Moreover, in actual applications of the CSCS(k) preconditioner P k (α) (see (14) ) to the GMRES method, we need to solve the generalized residual equation P k (α)z = r in each iteration step, where r is the current residual and z the generalized residual. For simplicity, we take k = 3 and give the following algorithm for solving P 3 (α)z = r. To compute (P 3 (α)) −1 r = z, we rewrite it as the style of [18] From Algorithms 1-2, we can conclude that the total computational complexity of the proposed polynomial preconditioned GMRES method is still in O(n log n).
Numerical experiments
In this section, two numerical experiments are presented to show the effectiveness of the proposed CSCS(k)-GMRES for solving the non-Hermitian Toeplitz system (1) . All experiments are performed in MATLAB R2011b on Intel(R) Pentium(R) CPU G640 @ 2.80 GHz and 4.00 GB of RAM, with machine precision 10 −16 . In our calculations, the stopping criterion in the GMRES(m) method (m = 20) is ∥r q ∥ 2 ∥r 0 ∥ 2 < 10 −8 , where r q is the residual after qth iteration in the GMRES(m) method and the zero vector is the initial guess. For convenience, the right-hand side vectors f in two following examples are chosen as f = Ae such that e = (1, 1, . . . , 1) T are the exact solutions. The optimal parameters α * employed in CSCS-based preconditioner have been obtained experimentally. In fact, the experimentally found optimal parameters α * are the ones resulting in the least number of iterations and CPU time elapsed. Here we consider two real nonsymmetric Toeplitz matrices A arising in the numerical solutions of the following FDEs [1] :
Using the implicit Euler scheme to discrete (15), the resulting system can be written as Au := ( ∆x γ ∆t I +Ã)u = f withÃ := d + G γ +d − G T γ , where ∆x γ , ∆t, G γ , u and f are similarly defined as those in [1] . Meanwhile, Qu et al. had proved that the CSCS iteration method converges to the exact solution of discretized system arising in fractional advection-diffusion equations (FADEs) for all initial guesses with α > 0, see [21] for details. It means that the convergence of the CSCS iteration method for the discretized system of FDEs 1 can be analogously proved by using Qu's method. Therefore, from a theoretical point of view, the proposed CSCS-based preconditioner and Proposition 3.1 are guaranteed efficiently for handling the resulted Toeplitz linear systems.
In Tables 1-2 , we report the number of iterations (''IT'') and CPU consuming time in seconds (''Time'') required for the convergence of different preconditioned GMRES(m) methods for solving the discretized systems of FDEs (15) . In the tables, I means no preconditioner is used and C , S are the T. Chan preconditioner and Strang preconditioner, which are two efficient circulant preconditioners designed in [1] , respectively. As seen from Tables 1-2, we see that the proposed CSCSbased preconditioners outperform the preconditioners of T. Chan and Strang considerably in aspects of both the number of iterations and CPU time needed for solving different resulted systems. Moreover, it also shows that the accelerating 1 Here we specify that Qu et al. exploit the 2-order difference scheme to discrete the FADEs and then the authors prove the convergence of CSCS iteration method by using the property of 2-order difference scheme, refer to [21] . In this paper, although we use the 1-order difference scheme to discrete the FDEs and obtain the different property of 1-order difference scheme [1, 2] , but it is still feasible to prove similarly the convergence of CSCS iteration method by exploiting Qu's strategies.
Table 1
Numerical results of iterative solvers with different preconditioners (d + = 0.9, d − = 0.1, γ = 1.2).
Preconditioner n = 2 6 n = 2 7 n = 2 8 n = 2 9 n = Table 2 Numerical results of iterative solvers with different preconditioners (d + = 0.8, d − = 0.2, γ = 1.5).
Preconditioner n = 2 6 n = 2 7 n = 2 8 n = 2 9 n = benefit of the proposed preconditioners can be considerably independent of discretized size. Besides, we also find that the approximation solutions obtained by the proposed preconditioned GMRES(m) methods will be more accurate than those by circulant preconditioned methods in the numerical experiments. For further illustrating the effectiveness of the proposed preconditioners, the spectral distribution of different preconditioned matrices are drawn in Fig. 1 . As see from Fig. 1 , it has been found that the spectra of the proposed preconditioned matrices are more clustered than those of circulant preconditioned matrices. Moreover, Proposition 3.1 can be verified by observing Fig. 1 .
Conclusion
In this study, a k-step CSCS-based polynomial preconditioner is proposed to accelerate GMRES method for solving the non-Hermitian Toeplitz systems arising in numerical solutions of FDEs. Theoretical and experimental results showed the effectiveness of the proposed methods. In future work, we will focus on finding useful methods for determining the optimal values of α and k in the proposed method. We remark that if the 2-order difference scheme used in [21] for fractional derivatives is replaced by the 1-order proposed in this paper, the convergence of the CSCS-based polynomial preconditioners can be proved similarly. Moreover, since the implementation of FFT can be highly parallelized, the CSCS iteration can be benefited from parallel computing; the polynomial preconditioners are originally suitable for parallel computations. It means that the proposed CSCS-based preconditioners can be designed as a parallel version of preconditioners. 
